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We study how non-Markovianity of an open two-level system can be detected when continuously
monitoring a part of its bosonic environment. Considering a physical scenario of an atom in a
lossy cavity, we demonstrate that the properties of the time-dependent flux of the photons from the
cavity allows the detection of memory effects in the atomic dynamics, without requiring state nor
process tomography. This framework overlaps with effective descriptions for the memory part of the
environment using pseudomode methods. Our central results show how the Markovian measurement
record on the environment of an enlarged open system allows to draw conclusions on the non-
Markovianity of the original system of interest.
PACS numbers: 03.65.Yz, 42.50.Lc
I. INTRODUCTION
During the last few years, several definitions and quan-
tifiers for non-Markovianity of open quantum system dy-
namics have been introduced [1–9]. They are based on a
number of different approaches, ranging from concepts of
information flow [2], non-divisibility [3] and Fisher infor-
mation [4] to quantum mutual information [5], accessible
volume of physical states [6], channel capacity [7], and k-
divisibility [8]. Typically, the experimental detection of
memory effects is difficult and requires either process [3]
or state tomography [2, 10]. Despite recent progresses,
developing simple schemes to experimentally detect non-
Markovianity in open system dynamics remains a chal-
lenge. In this work we demonstrate how one can detect
memory effects in the dynamics of a two-level system by
continuously monitoring [11, 12] a part of its environ-
ment and keeping the record of the arrival times of the
photons.
The evolution of a Markovian open quantum sys-
tem is governed by the celebrated Gorini-Kossakowski-
Sudarshan-Lindblad master equation [13, 14]. This equa-
tion can be unravelled with different types of Markovian
quantum trajectories [15–18], and one can assign a cer-
tain physical reality to these trajectories in a sense that
each trajectory represents the state of the open quantum
system conditioned on a particular measurement record
of some environmental observable [19]. The existence of
such a measurement scheme interpretation for unravel-
ling of non-Markovian dynamics, instead, has been sub-
ject to much debate [20–25]. Here we do not make claims
about the existence (or non-existence) of the measure-
ment scheme interpretation of conditional pure state evo-
lutions for non-Markovian systems. However, we think
that it is important to develop further legitimate schemes
∗ ktluom@utu.fi
of measuring the environment of an open system, whether
it is Markovian or non-Markovian. In this work we show
that a measurement record can, in fact, contain useful
information regarding the detection of non-Markovianity
without disturbing the open system dynamics. Specif-
ically, we study an analytically solvable system where
the environment can be split into a memory and a non-
memory part [26]. If we then monitor the non-memory
part of the environment, this does not disturb the under-
lying non-Markovian dynamics. Similar ideas have been
studied recently in Refs. [27–32].
The outline of this paper is the following. Section II
introduces our physical model, Sec. III formulates the
main result, and Sec. IV concludes the Brief Report.
II. PHYSICAL MODEL
Our physical system is a two-level atom interact-
ing with a bosonic zero-temperature environment. The
Hamiltonian for this system, with ~ = 1, is H = ωAσz +∑
k ωka
†
kak+
∑
k gk(σ−a
†
k+σ+ak), where ωA is the tran-
sition frequency of atom, σz is the Pauli z-matrix, ak and
a†k are the bosonic annihilation and creation operators for
the environmental modes, gk is the coupling between the
atom and the k-th field mode, and σ− and σ+ are the
lowering and raising operators for the atom. In the con-
tinuum limit the sum over the environmental modes can
be converted into an integral
∑
k 7→
∫
dωkρk, where ρk
is the density of states of the modes.
We focus on a particular physical realization of this
model, namely an atom inside a lossy optical cavity, so
that the coupling between the atom and the modes ρkg
2
k
is described by a Lorentzian spectral density ρkg
2
k ≡
J(ωk) =
1
2pi
V 2Γ
(ωk−ωc)2+(Γ/2)2 . Here, ωc is the cavity res-
onance frequency, and Γ and V describe the width and
the strength of the spectral coupling, respectively. If the
modes are initially in the vacuum state, it is possible to
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2obtain an exact analytical time-local master equation for
the two level atom only: ρ˙(t) = Ltρ(t). The analyti-
cal form of the superoperator Lt is well known, and in
certain cases it can describe non-Markovian atomic dy-
namics [11, 33].
This system can be mapped to a Markovian system
ρAP with the pseudomode method [34], where the two-
level atom interacts only with a single cavity mode, the
pseudomode, which then leaks to a Markovian environ-
ment with a constant spectral coupling. The state of
the two-level atom is obtained by tracing out the pseu-
domode ρ = trP {ρAP} and it obeys exactly the same
dynamics as in the original picture. The Markovian
master equation for the combined atom and pseudo-
mode system, in the interaction picture with respect to
HA +HP = ωAσz + ωPa
†
PaP, is
ρ˙AP(t) =− i[H0, ρAP] (1)
− Γ
2
(a†PaPρAP + ρAPa
†
PaP − 2aPρAPa†P),
where H0 = V [e
iδtσ−a
†
P + e
−iδtσ+aP], aP and a
†
P are the
annihilation and creation operators of the pseudomode,
V and Γ are the spectral coupling and the width of the
original system, δ = ωP − ωA, and HA and HP are the
free Hamiltonians of the atom and the pseudomode.
III. RESULTS
To solve the Markovian pseudomode master equa-
tion (1) we introduce the combined (unnormalised) state
|Ψ˜(t)〉AP = c0|0〉A|0〉P + c(t)|1〉A|0〉P + b(t)|0〉A|1〉P and
find the following set of ordinary differential equations
c˙(t) =− iV e−iδtb(t), (2)
b˙(t) =− Γ
2
b(t)− iV eiδtc(t), (3)
for the atom and pseudomode amplitudes, respectively,
using a technique presented in [34]. Coefficient c0 is con-
stant throughout the evolution and the analytical solu-
tions of these equations are shown in Appendix A.
The pseudomode, described by operators aP and a
†
P,
can be interpreted as the memory part of the environ-
ment, while the external modes, to which the pseudo-
mode aP decays, correspond to the non-memory part of
the environment [26]. Our main result is that we can
measure the non-memory part of the environment with-
out disturbing the system of interest and extract enough
information from these measurements in order to decide
whether the dynamics of the atomic system is Markovian
or non-Markovian.
We monitor continuously the photon flux R(t) to the
external modes. From the Markovian Monte Carlo wave
function (MCWF) method [15] we know that the prob-
ability for a quantum jump with jump operator aP in
Eq. (1) during small time interval [t, t + δt) is p(t) =
0.0
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FIG. 1. (color online) Top left: Atom excited state popu-
lation for different values of V and for δ = 0Γ. Top right:
Atom excited state population for different values of V and
for δ = Γ. Bottom left: Photon flux for different values of
V and for δ = 0Γ. Bottom right: Photon flux for different
values of V and for δ = Γ. The legend here gives the values
of V for all of the panels.
δtΓ〈ϕ(t)|a†PaP|ϕ(t)〉 = δtR(t), where |ϕ(t)〉 is a single
trajectory obtained from the MCWF procedure. This
jump corresponds to the emission of a single photon to
the external modes. It easy to show that the photon flux
from the pseudomode is R(t) = Γ〈1|trA {ρAP(t)} |1〉 =
Γ|b(t)|2, i.e., the product of the decay rate and the pop-
ulation of the pseudomode. Hamiltonian part of Eq.(1)
describes the coherent excitation exchange between the
atom and the pseudomode. The only way that the ex-
citation can leak out to the external modes is through
the pseudomode decay which may occur with probabil-
ity p(t). After such event the state of the trajectory is
|0〉A|0〉P, and stays there for the rest of the evolution.
This means that we can continuously monitor the pseu-
domode decay without disturbing the non-Markovian dy-
namics of the atom system.
To detect the photon flux experimentally one needs to
be able to prepare the atom in an excited state c(0) = 1
inside an empty cavity and then detect the times when a
photon is emitted from the cavity. Then by repeating the
procedure and time-binning the emission times one can
construct R(t) experimentally. We denote the total mon-
itoring time with T . From now on initial conditions are
chosen as c(0) = 1 and b(0) = 0. With these fixed initial
conditions we can decide if the system is Markovian or
non-Markovian for given values of the system parameters
(for details see Appendix B).
In Fig. 1, we show the atomic excited state popula-
tion |c(t)|2 and the photon flux R(t) of the pseudomode
for different values of coupling V and detuning δ and for
T = 14/Γ. When δ = 0, the atom dynamics is non-
Markovian for V > Γ4 . In the top left corner one can see
oscillations of the excited state populations, a signature
30
1
2
3
4
5
6
δ
(Γ
)
V=1.00Γ
0 5 10 15
t (1/Γ)
0.0
0.5
1.0
1.5
2.0
V
(Γ
)
δ=1.00Γ
FIG. 2. (color online) Top: Regions in (t, δ)-plane where
C(t) = ∂t|c(t)|2 > 0 (dark red, black) and B(t) = ∂tΓ|b(t)|2 >
0 (orange, gray) for V = Γ. Bottom: Regions in (t, V )-plane
for δ = Γ where C(t) > 0 or B(t) > 0. Every revival of atomic
population (C(t) > 0) is followed by increase in the photon
flux (B(t) > 0). There are also areas where B(t) > 0 without
any previous atomic revivals. For all parameters photon flux
increases initially.
of non-Markovian dynamics, for V = Γ/2 and V = Γ. In
the bottom left corner one can see oscillations emerging
in R(t) for V = Γ and very small amplitude oscillations
also for V = Γ/2. For detuned case (δ = Γ), right column
of Fig. 1, atom is again non-Markovian for V = Γ/2 and
we observe oscillations in the photon flux. The ampli-
tude of R(t) is now smaller since the atom is depleting
more slowly. As one can see, whenever the atom dynam-
ics is non-Markovian there are oscillations in the photon
flux also. However, oscillating photon flux R(t) is not
a sufficient criteria to detect non-Markovianity correctly
since R(t) can oscillate when atom dynamics is Marko-
vian if there is sufficient detuning between the atom and
the pseudomode transition frequencies (c.f. for example
Fig. 1 blue line on right panels).
In Fig. 2 we plot the behavior of C(t) = ∂t|c(t)|2 and
B(t) = ∂tΓ|b(t)|2 as a function of time. In the upper
panel we have fixed V = Γ. The dark red (black) areas in
the (t, δ)-plane correspond to C(t) > 0, that is, the atom
population is reviving. The orange (gray) areas, on the
other hand, correspond to B(t) > 0, that is an increasing
emission rate. In the lower panel we have repeated the
calculation with a detuning of δ = Γ.
We observe that B(t) is always initially positive, and
that if there is a region where C(t) > 0, this is always
followed by a region with B(t) > 0. This means that
the atomic population revival is always followed by an in-
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FIG. 3. (color online) Oscillation frequencies Ω as a func-
tion of V and δ near the transition from Markovian to non-
Markovian dynamics. Below boundary black solid bound-
ary curve dynamics is Markovian. Above Markovian bound-
ary the dynamics of open quantum system is non-Markovian.
Maximal Markovian frequency ΩM ≈ 1.8Γ is marked with a
white star. With dotted black we plot the contour where,
Ω(V, δ) = ΩM . Non-Markovianity can not be detected in
the region between solid and dotted curves. In this figure
V ∈ [0.05Γ, 1.2Γ].
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FIG. 4. (color online) Spectrum of the photon flux. ΩM ≈
1.8Γ is the largest Markovian frequency. In this figure we
show evidence that for (δ, V ) pair (2Γ, 2Γ) (dotted red line)
non-Markovianity is detected because of a pronounced peak
in the flux occurring at ω ≈ 4.47Γ. Pair (0.0Γ, 0.9Γ) (dotted
gray line) and (Γ, 0.7Γ) are just below non-detectability bor-
der and they show some structure near ω ≈ ΩM . (1.7Γ, 0.3Γ)
(solid blue line) is also near detectability border and in the
Markovian region but there is no significant contribution to
the spectrum because amplitude of R(t) is very small, but
there are oscillations.
crease of the photon flux. However, there are also regions
where B(t) > 0 without preceding areas with C(t) > 0
(lower panel with V ≈ Γ/2), which means that the os-
cillating behavior of the photon flux itself is not enough
to decide whether the dynamics of the two-level atom is
Markovian or non-Markovian.
Still, these findings suggest that non-Markovianity can
be detected from the power spectrum |S(ω)|2, which con-
tains information about the oscillation frequencies. We
define the spectrum S(ω) as the Fourier transform of
r(t) = R(t)− R¯T , where R¯T = 1T
∫ T
0
R(s)ds is the time-
average of the photon flux and T is the total time of
4observation. The Wiener-Khinchin theorem states that
the power spectrum is related to the auto-correlation
function κ(t) =
∫∞
−∞ dτ r(τ)r(τ + t) through the inverse
Fourier transform (for more details, see Appendix C). It
turns out that, when effect of damping is negligible, then
there are periodic oscillations in the photon flux R(t).
The frequency of these oscillations is
Ω ≡ Ω(V, δ) =
√
4V 2 + δ2, (4)
Numerical evidence shows that the effect of damping
Γ is negligible to the oscillation frequency in the non-
Markovian regime for short times. In the Markovian
regime, the oscillation is damped after couple of cy-
cles, has a small amplitude and is not periodic, hence
it does not contribute to the power spectrum. In other
words, when atom and pseudomode are coupled strongly
enough, relative to the damping, there is coherent os-
cillation that can be observed in the spectrum and this
occurs in the non-Markovian parameter regime. There-
fore using Ω and calculating maximum frequency ΩM in
the Markovian parameter region, we obtain a threshold
frequency that tells us that if there is coherent oscilla-
tions in the atom pseudomode dynamics with Ω > ΩM ,
the atom dynamics is non-Markovian.
In Fig. 3 we show Ω(V, δ) as a density plot with a
boundary curve (solid black) between the Markovian and
non-Markovian regions in parameter space and with a
contour curve Ω(V, δ) = ΩM (dashed black). We have
also denoted the maximal Markovian frequency ΩM ≈
1.8Γ with a white star. Between Markovian boundary
curve and contour curve corresponding to ΩM there is
region of ambiguity where non-Markovianity could not
be reliably detected. This occurs because Markovian dy-
namics could, in principle, contribute to the power spec-
trum with these frequencies.
In Fig. 4 we study the behavior of the power spectrum
|S(ω)|2. We have calculated the spectrum in all three re-
gions of Fig. 3. Solid blue curve (δ, V ) = (1.7Γ, 0.3Γ) is in
the Markovian region, dashed black (Γ, 0.7Γ) and dotted
gray curves (0, 0.9Γ) are in the non-detectable region and
dotted red curve is in non-Markovian detectable region
(2Γ, 2Γ). In this figure we see that when the parameters
are such that we are outside of the non-detection region
we have a pronounced peak in the emission spectrum. We
have also studied the behavior of the Markovian bound-
ary near the non-detectability/non-Markovian boundary
(solid blue curve) and it shows that choosing the thresh-
old as we have done excludes false positive detections
of non-Markovianity. What can also be deduced is that
the pronounced behavior of the red dotted curve can be
seen only outside non-detection region when the open
system exhibits non-Markovian dynamics. This figure
confirms that threshold frequency ΩM is compatible with
non-Markovianity of the atom dynamics.
IV. SUMMARY
To summarize, we have demonstrated that it is possi-
ble to detect the presence of memory effects for an open
two-level system without doing a full state tomography
– provided that its non-Markovian dynamics is not per-
turbed by measurements on the environment. This was
shown by mapping the original non-Markovian system to
a larger Markovian one, where the memory and the non-
memory parts of the environment can be identified. For
this purpose, we considered a two-level atom in a lossy
cavity as a concrete example.
In the original system, non-Markovianity is caused by
the strong coupling between the atom and bosonic modes
which is manifested in the oscillations of the excited state
population. In the extended atom and single cavity mode
system, the atom and the cavity mode may exchange
excitation coherently many times before the cavity mode
is damped. This information is then encoded into the
flux of the emitted photons from the cavity and its power
spectrum. As we showed, this information within the
environment of the extended Markovian system allows
us also to detect the presence of memory effects in the
original open two-level system.
Our results are based on an interplay between the oscil-
lations of the atomic excited state population and the flux
of emitted photons from a cavity. It is expected that in
the non-Markovian region the oscillations in the atomic
excited state population also show up as oscillations in
the photon flux from the cavity. However, in general
the situation is more complicated since the time depen-
dent photon flux may also oscillate in the Markovian re-
gion when the atomic excited state population decreases
monotonically. Subsequently, we have presented a spec-
trum analysis of the photon signal which allows to detect
the presence of memory effects without directly measur-
ing the state of the atom. In other words, there exists
a threshold value in the frequency of the time depen-
dent photon flux oscillations which allows to study the
Markovian and non-Markovian regions for the two-level
atom dynamics. The experimental implementation of the
scheme presented here is realistic with an ion trapped in-
side a cavity [35].
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5Appendix A: Analytical solution for c(t) and b(t)
Solutions to Eqs. (2)-(3) with initial condition b(0) = 0
for cavity mode and generic initial condition c(0) for the
excited state amplitude of the atom
c(t) =e−
1
4 t(Γ+2iδ)c(0)(cosh(
dt
4
) +
Γ + 2iδ
d
sinh(
dt
4
)),
(A1)
b(t) =
2ie−
1
4 t(d+Γ−2iδ)(e
dt
2 − 1)V c(0)
d
, (A2)
d =
√
−16V 2 + (Γ + 2iδ)2. (A3)
Solutions are obtained by Laplace transform method.
Appendix B: Measure for non-Markovianity
According to the reference [2], the dynamical map
Φt describes non-Markovian evolution, if for some
initial pair of states ρ1,2(0), their trace distance
D (ρ1(t), ρ2(t)) =
1
2 tr|ρ1(t) − ρ2(t)| increases tempo-
rally σ(t) = ∂tD(ρ1(t), ρ2(t)) > 0. Measure for non-
Markovianity is then obtained by
N = max
ρ1,2(0)
∫
σ(t)>0
σ(t). (B1)
For our scheme, we want to obtain as large as possi-
ble photon flux to the external modes of the extended
Markovian system. This is achieved when initially the
atom is maximally excited ρAP(0) = |1〉〈1| ⊗ |0〉〈0| and
ρ1(0) = |1〉〈1|. Maximizing pair for N must be or-
thogonal [36], which leads in the considered purpose
ρ2(0) = |0〉〈0| and the trace distance is equal to the ex-
cited state population of ρ1(t)
D(ρ1(t), ρ2(t)) = 〈1|ρ1(t)|1〉 = |c(t)|2. (B2)
For the current system, at least the divisibility mea-
sure [3] and the above trace distance measure [2] are
compatible since there is only one decay channel and the
dynamics becomes non-Markovian when the correspond-
ing decay rate becomes temporarily negative.
Appendix C: Spectrum S(ω)
Let r(ti) = ri ∈ R be our experimental signal sam-
pled at intervals δt apart, ti = iδt, i = [0, N − 1]. Let
sampling rate be fs and δt =
1
fs
. Discrete (only pos-
itive) frequencies are then ifsN , where i ∈ [0, N/2 − 1]
for N even and i ∈ [0, (N − 1)/2] for N odd. Fourier
transform of discrete signal is defined as S(ωk) = Sk =∑N−1
m=0 rme
−2piimk/N . Inverse Fourier transform is de-
fined as rm =
1
N
∑N−1
k=0 Ske
2piimk/N . This leads to the
following normalization
∑
m |rm|2 = 1N
∑
k |Sk|2 (Par-
seval’s theorem). We have also the following relation∑
m rmrm+k =
1
N
∑
l |Sl|2e2piikl/N (Wiener-Kinchin the-
orem).
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